Introduction
The objective of this paper is to analyze the attitude of spin stabilized satellites, entirely developed in terms of quaternion parametrization. The analysis includes numerical propagation of the rotational motion equation, considering the influence of the following torques: aerodynamic, gravity gradient, residual magnetic, eddy currents and the one due to the Lorentz force.
The gravity gradient torque is generated by the difference of the Earth gravity force direction and the intensity actuating on each satellite mass element. This torque is inversely proportional to the cube of the satellite geocentric distance. The aerodynamic torque is created by the interactions of rarefied air particles with the satellite surface and it has the predominant orbit perturbation effect in LEO orbit satellites. In this paper TD-88 model is used to describe the atmospheric density. The residual magnetic torque results from the interaction between the spacecraft's residual magnetic moment and the Earth magnetic field and its main effect is to produce a spin axis orientation drift. On the other hand, the main effect of the eddy current torque is to produce a reduction in the satellite spin rate with time. The torque due to Lorentz force is associated with a rigid spacecraft equipped with an electrostatically charged protective shield, having an intrinsic magnetic moment. The main element of this shield is an electrostatically charged screen surrounding the protected volume of the spacecraft. This torque depends on the Earth's magnetic field, the form of the satellite shell, the satellite spin rate, the angular velocity of the diurnal rotation of the geomagnetic field altogether with the Earth and the electrical charge of the satellite. In this paper the dipole model is assumed for the Earth's magnetic field and the satellite is supposed to be in an elliptical orbit.
A mathematical model is presented for each considered torque in terms of quaternion attitude parametrization.
The numerical propagation of the equations of rotational motion shows the evolution of the components of the angular velocity vector and the four components of the attitude quaternion. The influences of the Earth oblateness in the orbital elements are taken into account. Applications are developed considering the Brazilian spin stabilized satellites SCD1 and SCD2, which are quite appropriated for verification and comparison of the theory with the real data generated and processed by the INPE's Satellite Control Center (INPE's SCC). A spherical coordinate system fixed in the satellite is used to locate the satellite spin axis in relation to the terrestrial equatorial system. The spin axis direction is specified by its right ascension and the declination angles. The time evolution of the spin axis right ascension and declination angles is gotten from the numerical results of the quaternion attitude propagation.
An initial approach is presented, in which the propagated attitude is daily updated with the help of real satellite data, supplied by INPE's SCC. A second approach is also presented, where daily updates of the attitude data has not been performed in the propagation process.
The results of this analysis can be useful for the Brazilian mission satellite.
External torques model

Gravity gradient torque
The gravity gradient torque (Vilhena de Moraes, 1994; Zanardi and Real, 2003) 
where µ (3.986 x 10 14 m³/s²) is the Earth gravitational parameter, r' is the satellite geocentric distance, a 11 , a 21 and a 31 are the direction cosines which relate the orbital system and the satellite fixed system (the latter being associated with the principal moments of inertia axes of the satellite), I x , I y , I z are the Principal Moments of Inertia of the satellite and z y x e e e, , units vectors of the satellite fixed system. The elements 11 , 21 and 31 depend on the orbital elements (orbit inclination, true anomaly, longitude of the ascending node and argument of the perigee) and the attitude quaternion (Zanardi and Real, 2003; Zanardi et al., 2010) . In this study the z-axis corresponds to the long axis of the cylinder. Equation (1) shows that this torque decreases with the cube of the altitude and depends on the shape, dimension and mass distribution of the satellite. If the satellite has a uniform mass distribution and the principal moments of inertia are equal, this torque vanishes. The gravity gradient torque magnitude has short oscillations due to the satellite rotational motion (Zanardi and Real, 2003) when the influence of the rotational motion is included in the direction cosines a 11 , a 21 and a 31 .
Aerodynamic torque
When the satellites move in the tenuous layers of the upper atmosphere, the interactions of the molecular stream with a satellite's surface produces a torque about the center of mass. For spacecrafts below approximately 400 km, the aerodynamic torque is the dominant environmental disturbance torque (Wertz, 1978; Zanardi and Real, 2003) . The end of a spacecraft mission often occurs when the aerodynamic torques becomes so great that the spacecraft reenters the Earth's atmosphere and the attitude control systems ceases to become effective and the spacecraft tumbles.
In this paper we will adopt, to represent the aerodynamic torque, the following model (Lafontaine and Mamem, 1984) :
Where ������⃗ is the position vector between the center of pressure and the center of mass, the ��⃗ is the drag force (in this paper the influence of the lift force in the aerodynamic torque is negligenciable). In the satellite fixed system it is given by:
With:
where ρ is the local density, v represents the magnitude of the satellite's velocity relative to the atmosphere, S is a reference section area of the satellite, C D is the Drag Coefficient, S γ is the angle between the position vector and the orbital velocity vector and ij , i=1,2,3, j=1,2, are the direction cosines which relate the orbital system and the satellite fixed system and depend on the orbital elements and the attitude quaternion (Zanardi et al., 2010 ). An analysis concerning the uncertainties and usual values of some of these parameters can be found in Lafontaine and Mamem (1984) .
Then, by substituting Eq. 3 in Eq. 2, the aerodynamic torque in the satellite fixed system is given by:
In order to estimate the influence of the aerodynamic torque magnitude in the rotational motion in this paper some simplifications are done and the thermosphere model TD-88 is used for the atmospheric density (Sehnal and Pospísilová, 1988) . The velocity v is assumed to be equal to the orbital velocity and the drag coefficient is fixed. The thermosphere model TD-88 is defined for the height range of 150 -750 km. According to Sehnal and Pospísilová (1988) , the atmospheric density on a surface of constant altitude can be described by the expression:
where:
Here, r t is Earth's Equatorial radius; j n K , are numerical constants; f x and f 0 depend on the solar flux and k 0 depends on the geomagnetic index. The terms g n (describing mean density, individual dependence on the mean solar flux, North-South asymmetry, annual, semi-annual, diurnal and semi-diurnal variations) are functions of the day count of the year, of the local time, of the latitude, and the numerical constants which are summarized in tables (Sehnal and Pospísilová, 1988) .
Magnetic torques
Magnetic disturbance torques result from the interaction between the spacecraft's residual magnetic field and the Earth´s magnetic field. In this paper it is assumed that the spacecraft is manufactured from material such that the primary sources of magnetic torques are the spacecraft magnetic moments and eddy currents with other negligible sources. The spacecraft's magnetic moment is usually the dominant source between the disturbances torques (Vilhena de Moraes, 1994) . If m  is the magnetic moment of the spacecraft and B  is the geocentric magnetic flux density, the residual magnetic torques is given by Garcia et al. (2009 ), Zanardi et al. (2005 and Zanardi and Real (2003) :
The torque induced by eddy currents is caused by the spacecraft spinning motion. It is known (Garcia et al. (2009) and Zanardi et al. (2005) ) that the eddy currents produce a torque which causes the precession in the spin axis and causes an exponential decay of the spin rate. If ���⃗ is the spacecraft's angular velocity vector and p is a constant coefficient which depends on the spacecraft geometry and conductivity, this torque is given by:
Here the magnetic torque is developed only for a spin-stabilized satellite. In this case, the spacecraft's angular velocity vector and the satellite magnetic moment are along the z-axis and the residual magnetic torque and the induced eddy currents can the expressed in the satellite fixed system by (Garcia et al., 2009) :
where B x , B y , B z are the components of the geomagnetic field in the satellite fixed system ). These components are obtained in terms of the geocentric inertial components of the geomagnetic field (Thomas and Cappelari, 1964) and the attitude quaternion of the satellite . In order to describe the geomagnetic field, the dipole vector model (Thomas and Cappelari ,1964; Zanardi et al., 2005 ) is used.
Torque due Lorentz force
In this paper we will adopt the following model to represent the torque due to the Lorentz force (Abdel-Aziz, 2007):
where ���⃗ is the spin velocity vector of the satellite; ����⃗ is the vector of the spin velocity of the diurnal rotational of the geomagnetic field together with the Earth, with the direction given by the unit vector ̂ and 
where d and h are the diameter and height of the cylindrical charged manta around the satellite, B is the magnitude of the geomagnetic field, ' r is the satellite geocentric distance and Q is the satellite's electrical charge. The geomagnetic field is described by the dipole vector model (Thomas and Cappelari ,1964; Zanardi et al., 2005) .
After the development of Eq. 15, the components of the torque due to the Lorentz force in the satellite fixed satellite is (Bento, 2010): 
where p, q, r are the components of the satellite spin velocity ���⃗ in the satellite fixed system, β 1p , β 2p , β 3p , depend on the components of ̂ in the equatorial system and the attitude quaternion.
Equations of rotational motion in terms of the quaternion
The dynamic equations of the satellite's rotational motion are described by the Euler equations and the kinematic equations for the attitude quaternion. The Euler equations give the rate of variation of the components of the satellite's spin velocity and depend on the components of the external torques in the satellite fixed system (Pisacane and Moore, 1994; Vilhena de Moraes, 1994; It is ease to prove that the module of the quaternion is 1, since n  is a unitary vector in the direction of the spin velocity vector. The matrix of attitude in terms of the quaternion is presented in Pisacane and Moore (1994) . The kinematic equations that describe the rate of variation of the components of the quaternion of attitude, due to rotation of the satellite, are given by Pisacane and Moore (1994) and As it can be observed, the kinematic equations in terms of the attitude quaternion are linked and depend on the components (p, q, r) of the spin velocity, given by the Eq. 21, making it difficult to get an analytical solution. Then, in this paper, a numerical propagation of the Eq. 21 and Eq. 24 is applied, using the Runge Kutta method and the language FORTRAN.
Applications for spin stabilized satellite
Spin stabilized satellites has the spin axis along the biggest principal moment of inertia's axis. A spherical coordinates system fixed in the satellite is used to locate the spin axis of the satellite with respect to the equatorial system. The direction of the spin axis � is specified by its right ascension (α) and the declination (δ) which are represented in Fig. 1 .This spherical coordinate can be obtained using the attitude quaternion q and the components of the spin velocity W. If the unit vectors (̂,̂, � ) are associated with the equatorial system and the units vectors 
and the magnitude of the spin velocity is given by:
.
According to Fig. 1 , the components of spin velocity P. Q, R can be obtained by:
Then the right ascension ( ) and declination ( ) of the spin velocity can be computed by:
with 0 ≤ ≤ 90° and 0 ≤ ≤ 360°.
In this paper the right ascension and declination of the spin velocity will be computed using the numerical results obtained for the components of the spin velocity and attitude quaternion by the numerical simulation of the Eqs. 21 and Eq. 24.
Pointing deviation
For the tests it is important to observe the deviation between the actual attitude data supplied by INPE and the computed attitude for each satellite. Here this deviation is called pointing deviation and it is given by the angle θ between the actual spin axis � and the computed spin axis � . It can be computed by (Garcia et al., 2009) :
where ( • ) indicates the scalar product between actual spin axis � and computed spin axis � .
The unit vectors � and � can be obtained using the right ascension and declination of the spin axis as: 
with α and δ supplied by INPE's SCC and α c and δ c computed by the presented theory.
Numerical applications
The theory developed here has been applied to the spin stabilized Brazilian Satellite (SCD1 and SCD2) for verification and comparison of the theory against the data generated by the INPE's SCC. The 8 th Runge Kutta method is used to determine the numerical solution for Eq. 21 and Eq. 24.
The numerical solutions give the components of the attitude quaternion and of the spin velocity, which are used to compute the spin velocity, right ascension and declination of the spin axis by using Eq. 27 and Eq. 29. Then, these computed values are compared with real data supplied by INPE's SCC in order to check the precision of the presented theory. It is also important to observe the deviation between the actual spin axis and the computed spin axis, that is, the pointing deviation computed by Eq. 30.
Two approaches are presented. In the first one the propagated attitude is daily updated with the help of actual satellite data, supplied by INPE's SCC. In the second approach the daily updates of the attitude data has not been performed in the propagation process. In both approaches the orbital elements are updated, taking into account the main influences of the Earth oblateness.
Initial conditions for the attitude were taken from INPE supplied data (Garcia et al., 2009; Vilhena de Moraes, 1994; Zanardi and Real, 2003) .
First approach: daily updated data
Simulations for the SCD1 were made for 17 days. The results for the deviation between the computed values and actual values for right ascension, declination and spin velocity and the pointing deviation are shown in Tab. 1 for the case that considers all torques actuating together. In Fig. 2, Fig. 3, Fig. 4 For the test period of 17 days, the results show that the mean deviation error in right ascension, declination, spin velocity and pointing deviation are within the dispersion range of the attitude determination system performance of INPE's control center, which is 0.5 o for the angles and 0.5 rpm for the spin velocity.
The residual torque acts in the opposite direction of the torque due to the Lorentz force. The biggest influence in spin velocity and in the declination of the spin axis is given by the eddy currents torque, with the mean deviation equals to -0.025rpm and -0.202 o , respectively. Simulations for the SDC2 were made for 16 days. The results for the deviation between the computed values and actual values for right ascension, declination and spin velocity and the pointing deviation are shown in Tab.3 for the case that considers all torques actuating together. In Fig. 6, Fig. 7 , Fig. 8 and Fig. 9 are shown the results for the deviation between the computed values and actual values of the right ascension, declination and spin velocity and for the pointing deviation when it is considered each torque individually and all torques actuating together. The discontinuities in these figures occur due to the attitude control corrections applied by SCC. In Tab. 4 are shown the mean and standard deviation for each simulation. It is important to note that, when the attitude control actuates, the computed values are assumed to be equal to the real data because the control system is not included in the proposed theory.
For the test period of 16 days, the mean deviation error are also within the dispersion range of the attitude determination system of INPE's control center. The biggest influence in spin velocity is given by eddy currents torque, with the mean deviation error equal to -0.009 rpm. The biggest influence in the right ascension and declination of the spin axis is due to the gravity gradient torque, with the mean deviation error equal to 0.001 o and 0.002 o , respectively. 
Second approach: without daily updated data
For the SCD1 satellite the simulation was performed considering all torques actuating together. The results, in terms of the difference between computed and actual right ascension, declination and spin velocity and pointing deviation, are shown in Tab. 5. The results show a good agreement between the computed values and the actual satellite behavior only for 1 day simulation. For more than 1 day the mean deviation error for the right ascension is higher than the precision required for INPE's SCC (0.5º). 
Conclusions
In this paper a numerical approach was presented to the spin-stabilized satellite attitude propagation taking into account the residual torque, eddy current torque, aerodynamic torque, torque due to the Lorentz force and gravity gradient torque. The modeling scheme is entirely developed in terms of quaternion parametrization.
The theory was applied to the spin stabilized Brazilian's satellites SCD1 and SCD2. The results show that, for SCD1 and SCD2, the influence of the eddy current torque is larger than the others, not only due to the orbit altitude, but also due to the other specific satellites characteristics. The influence of the torque due to the Lorentz force is smaller than the other ones because of the dimension and the electrical charges of the SCD1 and SCD2.
Two approaches were presented. In the first one, where the attitude and orbital data are daily updated with real attitude data supplied by INPE, the results show a good agreement between the computed and actual data during the simulated time interval. The mean pointing deviation was 0.303 o for the SCD1 and of 0.056 o for the SCD2, which are within the dispersion range of the attitude determination system used for these satellites.
In the second approach, the attitude and orbital data are not daily updated. For SCD1, the results obtained showed a good agreement between the analytical solution and the actual satellite behavior only for one day simulation. For more than 1 day the mean deviation of the right ascension, declination and pointing deviation were higher than the accuracy required for SCC (0.5º). For the satellite SCD2, over the test period of 11 days, the difference between computed values and actual data remained within an acceptable dispersion range over all simulated time interval.
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